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Abstract 

lO ' We investigate the vacuum and charged sphericahy symmetric static solutions of the 

2^ . Einstein equations on cosmological background. The background metric is not flat, but 

curved, with constant - curvature spatial sections. 

Both vacuum and charged cases contain two branches. The first branches transform 
D ■ into the Schwarzschild and Reissner-Nordstrom solutions if the background metric goes 

Q I to the Minkovski one. The second branches describe wormholes and have no Einstein 

Q> limit. 

c^ : 1 Introduction 

o 

^ ! It is well - known that the equations describing gravitation with a given back- 

! ground metric coincide with the Einstein ones if the background metric sat- 

isfies the "background" Einstein equations [jTI]. However, if the background 

O^' metric is arbitrary, the gravitational equations differ from the Einstein equa- 

u 

bJO. 



>< 



tions. Some exact solutions of these equations which are in form very close 
to the Einstein solutions acquire new specific features. 

There are at least two reasons for these solutions to be interesting. 



^ ; First, they are solutions of the Einstein equations on the nontrivial cos- 

mological background. That is why they may be physically meaningful in 
the early Universe. 

When the quantum properties of gravity were important, the Einstein the- 
ory was to be replaced by the effective theory that includes quantum effects. 
Later on, gravitation was described by the Einstein equations. However, 
the intermediate period between quantum and Einstein states may admit 
the description in terms of the Einstein gravity on the quantum - corrected 
background. 

Solutions on the nontrivial background may be useful for the functional 
integral approach to quantum gravity. In the semiclassical approximation, 
the dominant contribution to the path integral will come from the neighbor- 
hood of saddle points of the action, that is, of classical solutions. It seems to 
be interesting to compare the path integral based on the Gibbos - Hawking 
action with another model, whose properties may be different. 
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Of course, we can write down any metric which does not satisfy any 
equations. However, to derive the Lagrangian is a more comphcated prob- 
lem. Indeed, R is the only scalar without essential higher derivatives. All 
other Lagrangians contain either higher derivatives or additional dynamical 
degrees of freedom. 

Introducing a nondynamical background object, we can derive solutions 
with very different properties and, at the same time, retain the basic struc- 
ture of the Lagrangian. 

2 Basic results 

In the present paper, we consider the gravitation described by the spherically 
symmetric static metric 

on the background 

ds^ = dt^ - dr^ - /c^sinh^^dQ, (la) 

where dQ = (d^^ + sin^ 9 d0^) . The spatial sections t = const are 3-d 
Lobachevski spaces (a constant negative curvature space of radius k). For 
simplicity, we use the system of units h = c = G = kf3 = l. It is convenient 
to shift a coordinate r to some value vq so that (|T^) takes the form 

ds2 = dt^ - dr^ - /c^sinh^^-^dn. (lb) 

k 

The equations 

R^j - R^^ = Stt{T^j - -g^JT), (2) 

where Rjj is the background Ricci tensor, is the energy - momentum 
tensor of the external matter, are derived from the action 

S = JiLg + Lm) d^x 

with the Rosen [@| gravitational Lagrangian 

Here the afRne - deformation tensor 

pi _ pi 

jk jk jk 

is the difference between the background connection and the Levi - Chivita 
connection for physical metric. The matter Lagrangian Lm does not contain 
background objects. 
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We will investigate the vacuum (§) and charged (§) spherically symmetric 
static solutions of equations (g). Both the cases contain two branches. The 
first branches and (0) transform into the Schwarzschild and Reissner- 
Nordstrom solutions if we put k ^ oo. The second branches (|7|) and (|T2|) 



describe wormholes and have no Einstein limit (they diverge when k oo). 

A charged wormhole can contain an event horizon and the Cauchy horizon 
in the throat. Then structure of the whole geodesic space - time is similar to 
the Kerr solution. It is interesting that the corresponding black holes have 
a positive heat capacity. 

Equations (@) on the background (1) were considered for a localized mass 
[0] and the electric charge [||. If we put k ^ oo, the metric (1) goes over to 
the Minkowski metric, and equations (0) turne into the Einstein equations. 

Arbitrary spherically symmetric static metric may be written in the form 

ds^ = A(r)dt2 - -i-dr^ - RMn\ (4) 
^ ^ A(r) ^ ^ 

The causal structure of space - time is determined by the metric function A, 
and R{r) is the "luminosity" distance. It may be shown that, if R{r) is an 
increasing function, the decreasing function A describes repulsion of a test 
body from the central source; while increasing A, attraction. 
Let us denote 



Ai = exp(2ro//c) 
A2 = exp(2ro//c) 



sinh 



r-2rn 



sinh^ 
cosh^ 
cosh^ 



T 

Rl = exp (— ro/Zc) /c sinh— , 

k 

T 

R2 = exp (— ro//c) /c cosh— . 

k 

First of all we consider the vacuum case Tij = 0: 

Rij — Rij- (5) 

Besides the solution 

d4i = Aidt^ - -Idr^ - Rldn'^ (6) 
Ai 

transforming to the Schwarzschild solution when k ^ 00 there is the second 
solution of ([5]) 

ds^2 = ^2dt^ - -^dr^ - Rldn^ (7) 
A2 
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describing traversible wormhole. This second branch demands nontrivial 
background topology continued to negative r. 

The solution (§) was found in Q. It contains a Schwarzschild - like 
singularity on the event horizon at r = 2ro. The metric function and the 
luminosity distance are shown in fig.|I]. 

We may find the coordinate system in which is regular at r = 2ro but 
in these coordinates there is the background metric (1) singularity. Since the 
background metric is non - observable, we are interested only in the physical 
metric (|]). The causal structure of maximal analytic extension (§) is the 
same as the Schwarzschild one. Note that if tq <C /c, the value of vq is very 
close to the value of mass of the central source. If vq 0, then (§) goes over 
to the background metric (1). The asymptotics of for r ^ oo coincides 
with the asymptotics of ([TBI). 

The metric function of (|7|) is regular at all r and the luminosity distance 
has a minimum at r = (see fig.0). It means that if r is smaller than rg, the 
metric (0) describes a traversible wormhole. The locally defined background 
(1) derives locally the physical metric ([7|) by means of equations (|^). The 
geodesic completeness of ([Tj) leads to the topology both of background and 
physical metrics. 

Solution (|7|) diverges if k ^ oo because the minimum of R2{r) goes to 
oo. Asymptotics of (0) for r ^ oo is the same as that of (|]) and (pr5|) but if 
ro ^ 0, the metric ([YD turns to the metric 



describing a symmetric wormhole in the absolute empty space. 

If ro > 0, the asymptotics of the physical metric for r ^ —oo differs from 
the background one. It can be shown that the wormhole sucks in a matter 
from the 3-space with a nonbackground asymptotics and then throws out 
it into the 3-space whose asymptotics is the same as the background one. 
However, a rapidly moving radial observer can visit another 3-space and 
then return to his home during a finite proper time. 

Now let us consider equations (|2]) with the energy - momentum tensor of 
a localized electric charge Q: 



ds^ = dt^ - dr^ - /c^coshVdQ^ 



k 



Rij ~ Rij — ^TrTqij. 

Here we also obtain two branches. The first 



(8) 




dr^ - Rfdn'^, 



(9) 



where 
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was found in [g]. When /c ^ oo, it passes into the Reissner-Nordstrom 
solution. If Q = 0, then (0) coincides with If Q < Qiq, where 

/csinh^ 
= sinhf + cosh^' 

there are two horizons at ri+ and ri_, 



^i± = To ± /c arcsinh^ sinh^— — ^ fsinh— + cosh— ^ . (11) 

\ k k'^ \ k k J 

When Q > Qiq, horizons are absent. If Q = Qiq, the horizons merge into 
a single horizon at r = rg and an extreme black hole forms. 
The second branch 

d^s = AQ2dt2 - -^dr' - Rld^l\ (12) 

where 



Aq2 = A2 - exp \-^] 7;2"COsh 



— — ^cosh -. 

k ) k^ k 

should be interpreted similarly to the metric (|7|). 

If Q = 0, then (0) coincides with (|7|). If Q < where 



/ccosh^ 
^™ = sinhf + cosh^' 

metric (|KD describes the traversible wormhole. If Q = (^20 5 there is a horizon 
in the throat. When Q > Qiq, there are two horizons at r2+ and r2-, 



^2± = To ± /c arcsinh^ — cosh^^ + ^ ("sinh^ + cosh^^ . (14) 
Note that from ([TD|) and (|T3|) we have 

Qio = Q2otanh^. 

Since tanh^ < 1, we have Qiq < Q2o- Because in (|9]) a horizon exists if 
Q < Qw, and in ( [T2| ) it exists if Q > Q20, for any vq there is an area of Q in 
which there are horizons neither in (|9]) nor in (|T^). 
Now we return to solution (p^). 

When Q = limQ20 = horizons depend on tq as shown in fig.H. If 
Q < k, for small enough rg a horizon is absent. If Q > /c, then even for 
ro = there are two horizons at r2±min = ±/carcsinhw^ — 1 (fig.H). 



When there are two horizons, the causal structure of (|T^) is similar to the 
Kerr solution but without singularity. The conformal diagram is shown in 
fig.§. 

Temperature of the solutions with horizons can be found by investigating 
the Euclidean sections of the corresponding metrics [j5|. 
For (0) and (0) the corresponding temperatures are 

T,, = = -L f 1 + tanh- f ^)) (15) 

47rA; smh^ 47rA; V \ k JJ ^ ^ 



exp (^) sinh 



- smh^^ ^^^^ 

The dependence of Tqi on ro is very close to the dependence of Tyi, if ro 
is not very small. If /c ^ oo, then ( p^) and ( [TB| ) pass into expressions for 
temperatures of the Schwarzschild and Reissner-Nordstrom solution, respec- 
tively. When ro 0, then Tyi ^ oo as the Schwarzschild temperature. The 
behavior of Tyi is similar, but when ro is very small, then for any (small) Q 
the horizon does not form, and at Q = Qiq the temperature Tqi = 0. That 
is why for any Q 7^ there is a neighborhood of for ro in which Tyi and 
Tqi depend on ro as shown in fig.§. 

For large ro the situation differs from the GR one: 

lim Tyi = lim Tqi = — -. 

It means that very heavy black holes can't have temperature less than 

The solution ([T2| ) has two temperatures. In the 3-space when r2+ is the 
event horizon and r2- is the Cauchy horizon, we observe the temperature 



exp (^) sinh 



and in the 3-space, when r2- is the event horizon and r2+ is the Cauchy 
horizon, we observe the temperature 

1 sinh ^^2±_!:2^ 

- cosh^^ • ^^^^ 

These temperatures are increasing functions of ro! Therefore, the heat capac- 
ity of ( [T2| ) is positive definit, and so we can use a normal canonical ensemble. 
The lower limit for both the temperatures is equal to 



1^ 

I = ^ (19) 
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The maximal value of Tq2+ is and the maximal value of Tq2- is 

L = ^ ^ (20) 

From (^) we can see that for Q = k the minimal of temperature is zero, and 
if Q > /c, then the minimal temperature is large than zero. When Q < 
then horizons will form only if rg is not very small, and the lower temperature 
corresponds to the minimal value of Tq obtained from (|TB|): 



^Omin = /carctanh — tt^- 

3 Causal structure of the vacuum solution 

Let us consider the common metric and go to the coordinates U, V: 



t + /(r) = [/, 
t-fir) = V. 



If A/'2 = i that is 



(21) 

then U andy are null coordinates and the metric (||) takes the form 

ds^ = AdUdV + i^^dQl 

We are interested in the case when dfl = 0, so, 

ds^ = AdUdV. (22) 

At a horizon we have A = 0. To avoid this peculiarity, we can attempt to 
perform the coordinate transformation U = U{U), V = V{V) so that 

= ssWdC^dV'. (23) 

dU dV 

If at a horizon has the same peculiarity as A, then the metric 

becomes regular. 

For the metric (151) we have 



/ = A LBr + In 



• 1. ^ ~ 2ro 
smh 



k 



7 



V A (24) 



where B = -^tanh ^ (^) , A = jTf^. In the coordinates 

U = exp(ii), 
V = -exp^ 2^7' 

we get the metric (g) in the form (|23|): 

. The conformal diagram constructed similarly to the Schwarzschild one. 



4 The wormhole 

Although the coordinate r in ([T^) changes only in the area tq < r < (X), we 
can formally consider continuation of the functions A(r) and R{r) onto all 
the real numbers — (X) < r < oo. 

Now let us consider the solution (|7|). 

As we can see from fig.0, the metric (|7|) describes gravitational repulsion if 
r > 0. The space - time described by (0) is regular at all r. Test particles can 
cross the sphere r = and reach negative values of r. Actually, (|7|) contains 
the traversible wormhole at r = connecting two infinitely 3-spaces r < tq 
and r > vq. For this interpretation, we must extend the background (JTB|) to 



the area r < vq (or ([Ta|) to r < 0) and consider the background space as two 
the Lobachevsky spaces glued at r = 0. 

On this background, the solution ([Tj) of equations (g) is defined at — oo < 
r < oo. For investigation of the region with r < rg, we can do the following 
coordinate and constant transformations: 

r = -rexp(-2ia); i = t exp {^) ; 

~k = A;exp(-2ia); = roexp(-^). ^ ^ 

Note that fo/k = ro/k, k > k. The metric (|7|) takes the form 

d42 = A2d? - idf2 - Rldn'^, (26) 
Ao 



where 



2fn\ cosh^ 



r 



A2 = exp(-^1 R2 = exp( ro/k) k cosh 

V k / cosh^ ^ ^ k 



k 



Asymptotics (|26|) for f ^ oo coincides with the asymptotics of the 
Lobachevski space with radius k. To make this clear, we should pass to 
the coordinate p = r -\- vq. If f > 0, the metric ( |26| ) describes gravitational 
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attraction. In fig.@ it is shown conditional representation of the space-time 
of the wormhole. In fig.|^ we can see the embedding diagram which is two 
dimensional model of the spatial section at a specific moment of time, em- 
bedded into a fictitious 3 - dimensional space. Note that the background 
topology differs from the physical one. A continuous line in the background 
space corresponds to the discontinuity of the physical line at r = tq. To 
avoid this phenomenon, we should further change the background topology 
and consider the background 3-space as a limit when e ^ of two spatial 
sections ([T^) glued on the sphere ro + £ (fig-HI)- 



5 Radial geodesies 

Equations of geodesies can be obtained from the Lagrangian 

where x means ^ and r is a proper time For radial geodesies in the 
metric this Lagrangian takes the form 

L = 1 (a*^ - ir^) . (27) 

The Euler equation for ( [27|) is 

A(At) = 0. 

From this formula we get = where D = const is a constant of motion. 
Let us substitute it into ( P7| ) and take into account that x^x^gij = 1. We 
obtain 

A + t;2 = 2)2^ (28) 

where v = r. Consequently, the proper time of radial motion from the point 
with coordinate ri to the point with coordinate r2 is 

? dr 

Tn = ± 



ri 



- A(r) 



Since direction of motion is towards the center we have for ri > r2 that 
Ti < T2. Finally, the proper time of radial motion from ri to r2 is 
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Let us consider a free falling body in the metric (0) with the parabolic 
velocity limv = 0. From we get = 1. Let 

1 — >oo 

,. ^ ^ , . ^ (30) 



/exp(±a)_I (r^P (t) - 1 - arctg^exp (|) - 1 

From(^) we obtain the proper time of free fall from r = Vi to r = r j < rf. 

AT = T,{r,)-T,{rf). 

From (|3D|) we can see that Ar diverges when ^ oo but it is finite for any 
other Vi and r/. 

Now let us consider the fall in metric (|7|). In this case we cannot assume 
V ^ when r ^ oo because test bodies are repulsed by the center. That is 
why we put f = at r = — oo: 

DI = lim A2 = exp (^7-^^ . 

\ k / 

From(p9|) we obtain the proper time of free fall from r = Vi to r = r f < rf 

Ar = r2(r,)-r2(r/), 

where 

T-iir) = 

e.p(_|) + i_i,n\/=K^-'^ (31) 



exp I 



(^)-l V V -V ^ Jexp(-f) + l+l 



It is clear from (^) that Ar is finite for all finite and rf and diverges both 
for Ti ^ 00 (In) and for // ^ — 00 (the first term in the brackets). 

6 The metric functions of the charged solution 

Sets of the metric functions (0) and ([T2|) for different Q are shown in fjg.pH] 
and fig.[TT], respectively. 

If Q < Qio (see (PUp ) , then the metric function Agi may be represented 
in the form 

/2ro\ sinh (^) sinh (^) , , 

with the horizons 

ri± = ro± kAi. (33) 
10 



Here Ai can be derived by the following formulas: 



sinhAi = 



\ sinh^^ — ^ fsinh^ + cosh^^ 
\ k \ k k J 



or 



coshAi = 



\ k k'^ \ k 
The metric function Aq2 has a similar representation: 



sinh^T^ 



where 
and 

or 



r2± = ^0 ± ^A2, 



sinh A2 



— cosh^^ 
k 



cosh— 
k J 



cosh A2 = 



\ 



— sinh^^ 
k 



cosh— 



(34) 
(35) 

(36) 

(37) 
(38) 
(39) 



7 Causal structure of charged solutions 

For transition to the coordinates ( p2| ) we need the function / (|2T]) . We 
are interested in solutions with horizons, therefore, metric functions may be 
taken in the form ([32|) and ([35|) . The corresponding integrals can be easily 
calculated. The forms for both the functions are the same up to constants: 



/ = + 5 In 
For the metric (0) 

A\ = exp 



sinh- 



k 



+ Cln 



sinh- 



k 



2ro\ ,ri_ + ri_ 
cosh- 



-exp 



k ) k 
2ro\ k sinh^^i 



-exp 



2ro\ k sinh^^ 



k sinh^^i±x^' 

k 



and for the metric ([T2| ) 
' 2ro\ 



A2 = exp j^- 
C2 = -exp 



cosh 



^2- + r2- 



k J k 
2ro\ k sinh^^ 



5o = 



-exp 



/c J sinh^^ii^ 



2ro\ k sinh^^ 



k 



kj smh'-^±^' 



r2^ 



k J sinh^^^i^' 
= r2+. 



11 



Now we can go to the coordinates in which metrics are regular at r+: 

U = exp 7-7;: ; V = — exp 



\2C) ' \ 2C) 

Similar coordinates can be constructed to avoid coordinate singularity at r_: 

U = exp {—^ ; V = —exp ^ ^ 



\2B) ' \ 2BJ 

The conformal diagram for is similar to the Reissner-Nordstrom solution. 
Because of a time - like singularity at r = we cannot continue the space - 
time to the negative value of r. 

The conformal diagram for solution ([T2|) differs from the previous one by 
absence of singularities. In principle, the conformal diagram is very close to 
the diagram of the Kerr solution (fig.|^). 

In domain I the physical 3-space asymptotically turns into the background 
when r ^ 00. In domain II we may perform the coordinate transformation 
similar to ([25|): 

exp (-^) ; i = t exp 



/c = /c exp(-2ia); = roexp(-^); (40) 

■ 2rn\ . ^. _ ^. f 2rn 



r2+ = -r2-exp[ — ^j; r2- = -r2+exp^ ^ 
Then the metric ([T^D can be written as 



dsL = AQ2d? - -^df^ - exp Pcosh^^dl^^ (41) 
Aq2 \ k J k 



where 

A,, = exp ) ^ (42) 

k 

It is clear that now r2+ is the event horizon, and r2- is the Cauchy horizon. 
Note that the asymptotics of the 3-space in domain II is the Lobachevski 
space with the curvature radius k ^ k\ Since r2+ and r2- have opposite signs, 
the throat r = is spacelike. If observer goes from domain I into domain III 
and crosses the horizon r2+, then he must fall through the wormhole, but he 
may choose where he appears after that between two symmetric domains II 
and ir. Actually, we have two enumerable sets of wormholes. 



8 Temperature of the solution with horizons 

The Euclidean section of metric (HI) is 



ds^ = Adr^ + idr^ + RMQ^ 
A 



12 



This metric is regular on the horizon 
< r < /5 with the period 



if the euchdean time r is periodic 



4:7r 



ar 



--r+ 



The corresponding temperature appears to be 



1 d 

Att dr 



A 



(43) 



r=r+ 



By substituting the corresponding values of A into this formula we obtain 
the temperature Tyi ([T5]) for the metric the temperature Tqi (|TB|) for 
the metric (0) and the temperature Tq2+ (pnp for the metric ([T2]). We can- 
not obtain the temperature Tq2- by substituting r_ instead of r+ into (^) 
because in domain III r_ is not the event horizon, it is the Cauchy horizon. 
This temperature is observed in domain II, where r2- is the event horizon. 
To obtain it, we may substitute the metric function Aq2 ( WA ) into (^). The 
resulting expression is ([TB|). 

The asymptotics are easily calculated by using the follow formulas: 



tanh Ai 



tanh (^) 



1 



fc2 



1 — tanh 1 



\ 1 - f (1 - tanh 



tanh A2 = tanh 



-1 



fc2 



1 - tanh (f ) 



fcA^f(l-tanh-i (¥))-! 
These formulas may be obtained from (131, 135]) and ([381, [3^1). 



9 Conclusion 

Within the context of a spherically symmetric model in the presence of a 
nontrivial background we have investigated some exact solutions of gravita- 
tion equations. We have found that there are two branches of the solutions. 
The first branch is close to the corresponding solution of the Einstein equa- 
tion, and the second has a set of nontrivial properties and diverges if the 
background passes into the Minkovski space. 

It is worth noting that the second branches should be of essentially cos- 
mological origin because the radius of wormholes is equal to the Universe 
radius k. 

In principle, this toy model may be considered as a very anisotropic cos- 
mological model, in which both local and global properties are described by 
the gravitational field produced by the central-symmetric solution. 
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The first cosmological model was a static cylinder Universe. After discov- 
ering the cosmological redshift it became clear that the observed Universe 
should be nonstationary. 

However, in principle, "scattering" of the Galaxies can be understood in 
the framework of a static cosmology. 

Let us suppose that the Einstein cylinder is actually a throat of the worm- 
hole with cosmological radius. If the metric is such that the test bodies are 
attracted by the throat from one side and repulsed from another, then it 
is clear that close to the minimal radius, the local metric appears to be 
nonstationary for a free falling observer. 

Such a model is impossible in the framework of the conventional Gen- 
eral Relativity because the violation of energy conditions is necessary for 
the wormhole creation []7|. If we consider the gravitation on the nontrivial 
cosmological background, similar solutions can appear. 

Much attention has been paid to the investigation of wormholes. Classical 
wormholes usually are Euclidean metrics which consist of two large regions 
of spacetime connected by a throat. They play an important role in quantum 
gravity [^, 0]. It was just the microscopic wormholes which have a Planck 
size throat. An analytic continuation of closed cosmological solutions to 
imaginary time leads to euclidean wormholes with the size of the throat 
equal to the maximum size of the universe [PXI| . Wormholes considered in the 



present paper demonstrate similar properties but in the Lorentzian sections. 
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Figure Captions 

Figure 1. The metric function and luminosity distance for the metric 
the dashed curve shows A^^ 

Figure 2. The metric function and luminosity distance for the metric (|7|). 
Figure 3. Horizons of the metric ([T2|) . 

Figure 4. A minimal possible value of the horizon for metric ([T2|). 
Figure 5. Conformal diagram for the solution ([T2|) . 

Figure 6. Temperatures of the metrics and (|9|); romin = /carctanh^^. 

Figure 7. Spatial sections of the background metric embedded into a ficti- 
tious high - dimensional space. 

Figure 8. Conditional representation of the space - time of the wormhole. 

Figure 9. Spatial sections of the physical metric. The background metric 
is also shown. Continuous line in the background space corresponds to the 
discontinuity of the physical line at r = 0. 

Figure 10. The metric function for the metric (0) for different values of Q. 
Figure 11. The metric function for the metric (|T2|) for different values of Q. 
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Fig. 6. 

Fig. 5. 




Fig. 9 



